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Abstract

This paper presents an efficient computer method for elasto-plastic and large deflection analysis of three-dimensional

steel frames that provides the accuracy of second-order plastic-zone analysis methods but requires less computational

effort. The method employs modelling of structures with only one element per member, which reduces the number of

degree of freedom involved and the computational time. Gradual yielding of cross-sections is modelled using the inelas-

tic Ramberg–Osgood force strain relationships, and then using the flexibility approach the elasto-plastic tangent stiff-

ness matrix of 3D beam-column element is developed. The combined effects of material and geometrical nonlinearity

sources are simulated into an object oriented computer program automatically. This program was used to study the

ultimate response of several steel frames, which have been studied previously by other researchers. The example of com-

putations and the comparisons made, have proved the effectiveness and time saving of the proposed analysis method.

� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

In recent years, nonlinear inelastic analysis methods

of steel frames has become the focus of intense research

efforts because of rapid development of computer tech-

nology and the need of implementation in the new

design codes, the more rational advanced analysis tech-

niques. There currently exist several methods of large

deflection elasto-plastic analysis that calculate strength

limit states of 3D steel frames with rigid and semi-rigid

connections [5–11]. These methods, that use ‘‘line ele-
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ments’’ approach, are based on the degree of refinement

in representing the plastic yielding effects and can be cat-

egorized in two main types, plastic hinge versus spread

of plasticity approaches. In the plastic hinge approach,

the effect of material yielding is ‘‘lumped’’ into a dimen-

sionless plastic hinge. Regions in the frame elements

other than at the plastic hinges are assumed to behave

elastically, and if the cross-section forces are less than

cross-section plastic capacity, elastic behaviour is as-

sumed. The plastic hinge approach eliminates the inte-

gration process on the cross-section and permits the

use of fewer elements for each member, and hence

greatly reduces the computing effort. Unfortunately, as

plastification in the member is assumed to be concen-

trated at the member end, the plastic hinge model is usu-

ally less accurate in formulating the member stiffness.
ed.
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In the spread of plasticity approach, the gradual

spread of yielding is allowed throughout the volume of

the members. There are two main approaches that have

been used to model the gradual plastification of mem-

bers in a second-order inelastic analysis. In both cases

the member needs to be subdivided into several elements

along its length to model the behaviour accurately [3,8].

Cross-sectional behaviour may be described by mo-

ment–curvature–truss (M–U–N) relations derived for

each cross-section in the analysis. Alternatively, the

cross-section can be subdivided into elemental areas

and the states of strain, stress and yield stress are mon-

itored explicitly for each of the elemental areas during

the analysis. In this case, the effects of residual stresses,

geometric imperfections and material strain hardening/

softening can be accurately included in the plastic-zone

analysis. Hence, the plastic-zone approach is considered

to closely simulate the actual behaviour of a member,

but the computational effort is greatly enhanced and

the method becomes computationally prohibitive in

the case of large scale frame structures.

However, the rapid development of computer tech-

nology in recent years has enabled the plastic zone the-

ory in which the spreading of plastic zones in members

is taken into account to be developed. A number of com-

puter programs have been developed, on this theory, in

recent years, by researchers. Unfortunately, the cur-

rently available methods for second-order spread of

plasticity analysis and advanced analysis are not user

friendly for practical applications. These methods ignore

many important characteristics and requirements for

practical design, consistency between the linear and non-

linear models due to the need to use several elements per

member to model the distributed loads and spread of

plasticity along the member length and enhances the

computational effort.

The approach presented in this paper is intended to

overcome these inconveniences and represents an effi-

cient computer method for large displacement elasto-

plastic analysis of 3D steel frames fulfilling the practical

and advanced analysis requirements. The method is

based on the most refined type of second order inelastic

analysis, the spread-of-plasticity analysis. Gradual plas-

tification through the cross-section is handled by fitting

nonlinear equation to data for the force–strain behav-

iour of a unit-length segment of the element. Because

these relations depend on the characteristics of each

cross-section in the analysis, the gradual plastification

of the cross-section of each member is accounted for

by smooth force–strain curves of Ramberg–Osgood

type, experimentally calibrated. In this way, inelastic

behaviour in the member is modelled in terms of mem-

ber forces instead of the detailed level of stresses and

strains, with favourable effects on the computational

effort. The inelastic cross-section model is then used to

obtain flexibility coefficient for the full member by
numerical integrations along its length. The effects of

material yielding along the member, on the element stiff-

ness degradation, are considered by axial and flexural

rigidity of the element, depending on the sectional ef-

forts, at each load increment. The development of the

element stiffness matrix is carried out through the flexi-

bility matrix of the element. The geometrical nonlinear

local effects are taken into account in analysis, for each

element, by the use of stability stiffness functions in a

beam-column approach, and updating at each load

increment the length, flexural rigidity, and axial force

of the element, following an approach outlined in the

next section. Using and updated Lagrangian formula-

tion, the global geometrical effects are considered updat-

ing the geometry of the structure at each load increment.

In nature large spatial rotations are not commutative so

that the geometry updating procedure for spatial frames

is not a simple extension of that for planar frames. In the

present spread-of-plasticity analysis the web plane vec-

tor approach proposed in [4] is effectively used to update

the frames element coordinate. The transformation ma-

trix is developed in terms of incremental displacements,

thus only the information related to the current load

step is required. The second-order elasto-plastic equiva-

lent nodal forces from the member loads are also al-

lowed in the analysis. This way leads to a significant

saving in imputing the member loads, without the need

to divide a member into several elements for simulation

of these loads.

The combined effects of these two nonlinearity

sources, material and geometrical, are simulated into

an object-oriented computer program automatically.

This program was used to study the ultimate response

of several rigid steel frames that has been studied previ-

ously by other researchers [7,8,11,15]. The example com-

putations and the comparisons made, have proved the

effectiveness and time saving of the proposed method.
2. Formulation

2.1. Elasto-plastic tangent stiffness matrix

As it was stated previously, in the present elasto-plas-

tic frame analysis approach, gradual plastification

through the cross-section subjected to combined action

of axial force and biaxial bending moments is described

by moment–curvature–truss (M–U–N), and moment–

axial deformation–truss (M–e–N) Ramberg–Osgood

type curves that are calibrated by numerical tests. The

effect of axial forces on the plastic moments capacity

of sections is considered by a standard strength interac-

tion curves. For steel beam-columns with compact wide-

flange sections the plastic interaction function proposed

by Orbison [7] may be used. The elastic unloading effect

is included in analysis, but hysteretic and softening
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effects associated to damage in building frames under

severe loadings are not taken into account.

The procedure for the derivation of the instantaneous

stiffness matrix of an element taking into account only

the elasto-plastic material behaviour using the force–

strain relationships is briefly shown. The response in tor-

sion and shear is assumed linearly elastic, consequently

the nonlinear equation for the force–strain relationship

associated with torsion and shear are omitted in the fol-

lowing discussion for simplicity. The elasto-plastic

behaviour of cross-section is modelled by the Ram-

berg–Osgood force–strain relationships (Fig. 1a) in con-

junction with Orbison�s failure surface (2) (Fig. 1b). The
curvatures for each bending directions y and z and axial

deformations are expressed:

UiðnÞ
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¼ 1þ a � MiðnÞ
Mp;iðnÞ
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Fig. 1. (a) Ramberg–Osgood force–strain relationships; (b)

full-plastification surface and force point trace for fully yielded

cross-section.
CðN ;My ;MzÞ ¼ 1:15p2 þ m2
z þ m4

y þ 3:67p2m2
z

þ 3p6m2
y þ 4:65m2

ym
4
z ¼ 1 ð2Þ

in which n = x/L, L is the length of the element, a and n

two shape parameters, Mp,i(n) is the full plastification

moment under combined bending and axial force for

the given loading direction, Np(n) is the full plastification
axial force under combined biaxial bending moments,

U0,i(n) and e0(n) is the reference curvature and axial

strain respectively defined by U0;iðnÞ ¼ Mp;iðnÞ
EIo;i

; eðnÞ ¼
NpðnÞ
EA0

; EI0;i and EA0 being the constant reference flexural

and axial rigidity of the element respectively, N and Mi

axial force and bending moments with respect to i = y

and i = z axis, p ¼ N=N 0
p is ratio of the axial force to the

axial yield strength, N 0
p ¼ Af y , A is the cross-section

area, fy yield stress, my ¼ My=M0
py and mz ¼ Mz=M0

pz

are ratios of the minor- and major-axis moments

to the corresponding plastic moments, respectively,

M0
p;i ¼ Zp;ify ; Zp;i are the plastic section moduli with re-

spect to i = y and i = z axis, respectively. It is important

to note that, Np(n) is not constant along the member

length because it is obtained from the full plastification

surface equation (2) for a given values of bending mo-

ments My(n) and Mz(n) respectively. In the same way

Mp,y(n) and Mp,z(n) can be obtained. C = 1 represents

the full plastification of a cross-section, and in principle,

a state of forces characterized by C > 1 is not allowed.

The spread of inelastic zones within an element is

captured considering the variable section flexural and

axial rigidity EIi(n) and EA(n) depending on the bending

moments Mi(n) and axial force N. The instantaneous

flexural and axial stiffness of the section is expressed

by the equations:

dMiðnÞ ¼ EIiðnÞ � dUiðnÞ
dNðnÞ ¼ EAðnÞ � deðnÞ

ð3Þ

where Mi(n) is the sectional bending moments about

i = y and i = z-axis and Ui(n) and e(n) the curvatures

and axial deformation respectively in the section n =

x/L of the deformed element. From Eqs. (1) and (2)

the variable flexural rigidity EIi(n) and axial rigidity

EA(n) can be expressed as:

EIiðnÞ ¼
dMi

dUi
¼ EI0;i

1þ a � n � MiðnÞ
Mp;iðnÞ

����
����
n�1

; i ¼ y; z

EAðnÞ ¼ dN
de

¼ EA0

1þ a � n � N
NpðnÞ

����
����
n�1

ð4Þ

or

EIiðnÞ ¼ EI0;i � fiðnÞ; i ¼ y; z

EAðnÞ ¼ EA0 � fxðnÞ
ð5Þ
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where the correction factors fi(n) are

fiðnÞ ¼
1

1þ a � n � MiðnÞ
Mp;iðnÞ

����
����
n�1

; i ¼ y; z;

fxðnÞ ¼
1

1þ a � n � N
NpðnÞ

����
����
n�1

ð6Þ

Non-linear analysis by the stiffness method requires

incremental loading, i.e. the inelastic behaviour is

approximated by a series of elastic analysis. The element

incremental flexibility matrix Fii which relates the end

displacements at end i to the actions DSi at end i, while

end j is clamped, can be derived directly from energetic

principles. Assuming elastic behaviour within a load

increment, the increment of the strain energy DW can

be written as follows, including the additional shear

deformations, Fig. 2:

DW ¼ 1
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Using the second theorem of Castigliano the relation-

ship between incremental deformations and efforts can

be readily calculated and partitioned as follows:
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or in a condensed form:

Ddi ¼ Fii � DSi ð9Þ

where Fii is the incremental flexibility matrix corre-

sponding to end i. In a similar way the incremental flex-

ibility matrix Fjj and Fij can be obtained. Thus the total

flexibility matrix of the 3D beam-column element can be

readily calculated and partitioned as follows:

Fð12�12Þ ¼
Fiið6�6Þ Fijð6�6Þ

Fjið6�6Þ Fjjð6�6Þ

� �
ð10Þ

where the indexes and directions are shown in Fig. 2.
The integrals of the flexural coefficients are calculated

numerically using Eqs. (5) and (6) to express flexural and

axial rigidity EIy(n), EIz(n), EA(n). To determine the

bending moments Mi(n) each element, at each load

increment, is divided in a few stations and the bending

moments in each station are computed through a second

order transfer matrix as functions of the nodal element

forces following a detailed procedure given in Section

2.3.1.

Thus, the response of a beam-column element is typ-

ically computed as weighted sum of the response of a

discrete number of cross-sections. The cross-sections

are located at control points whose number and location

depends on the numerical integration scheme. In this

work, the Gauss–Lobatto rule for element quadrature

is adopted. Though this rule has lower order of accuracy

than customary Gauss–Legendre rule, it has integration

points at each ends of the element, where the plastic

deformations is important, and hence performs better

in detecting yielding. To simplify the expressions of the

flexibility coefficients the following ‘‘correction coeffi-

cients’’ are introduced:

cx ¼
Z 1

0

1

fxðnÞ
dn ð11aÞ

c1y ¼ 3

Z 1
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1� nð Þ2
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0
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dn;
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Z 1
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n 1� nð Þ
fzðnÞ
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which are numerically calculated by Gauss–Lobatto

rule.

The instantaneous element stiffness matrix in local

coordinates is determined by matrix inversion of the

flexural matrix and can be written as:

Kð12�12Þ ¼
Kiið6�6Þ Kijð6�6Þ

Kjið6�6Þ Kjjð6�6Þ

� �
ð12Þ



 L

 j  i

( )jxjxM ,, θ( )jxjx uN ,,

( )jzjzM ,, θ

( )jzjz wT ,,

( )ixix uN ,,

( )jyjyM ,, θ( )iyiyM ,, θ

( )iyiy vT ,,

( )izizM ,, θ

( )iziz wT ,,

( )ixixM ,, θ
( )jyjy vT ,,

x

 y

 z

Fig. 2. Positive convention for force and displacement components of a beam column element.
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where for example Kii has the following form:

Kii ¼

EA0
L � f11 0 0 0 0 0

0
12EI0;z
L3

� f22 0 0 0
6EI0;z
L2

� f26
0 0

12EI0;y
L3

� f33 0 �6EI0;y
L2

� f35 0

0 0 0 GIt
L 0 0

0 0 �6EI0;y
L2

� f53 0
4EI0;y

L � f55 0

0
6EI0;z
L2

� f62 0 0 0
4EI0;z
L � f66

2
66666666664

3
77777777775

ð13Þ
in which the correction factors fij are

f11 ¼
1

cx
; f 22 ¼

sz
Zz þ tzsz

; f 33 ¼
sy

Zy þ tysy

f55 ¼
3 c2y þ ty

4

� �
Zy þ tysy

; f 66 ¼
3 c2z þ tz

4

� �
Zz þ tzsz

f35 ¼ f53 ¼
2c2y þ c3y
Zy þ tysy

; f 26 ¼ f62 ¼
2c2z þ c3z
Zz þ tzsz

Zy ¼ 4c1yc2y � c23y ; Zz ¼ 4c1zc2z � c23z
sy ¼ c1y þ c2y þ c3y ; sz ¼ c1z þ c2z þ c3z

ð14Þ

and where the coefficients ty and tz account for trans-

verse shear deformation effects in a beam-column

element:

ty ¼
12EIy
GAyL2

; tz ¼
12EIz
GAzL2

ð15Þ

where GAy and GAz are the constant shear rigidity along

local y-axis and z-axis respectively. The resulting correc-

tion factors are sub unity and reflect the change in mem-

ber rigidity as plastic zone develops along the member

length. The explicit expression of (12) is useful for direct

programming and is given in the Appendix A. In the

same way, as for curvature and axial strain, similar

nonlinear equations for the force–strain relationships
associated with torsion and shear may be used. As afore-

mentioned, however, this approach is limited to consid-

eration of three-dimensional plastic behaviour for

biaxial bending and axial force, only.

Since gradual plastification through the cross-section

subjected to combined action of axial force and biaxial

bending moments is described by simplified force–strain

relationships, the residual stress effects and explicit dis-

tribution of plastic zones through cross-sections cannot

be accurately captured. Alternatively, the cross-sections

can be subdivided into elemental areas and the states of

strain and stress monitored explicitly for each elemental

area during the analysis. In this case the variable flexural

and axial rigidity in any sections, are computed through

basic equilibrium, compatibility and material nonlinear

constitutive equations r–e, by an iterative process [2].

In this case, the effects of residual stresses, shape geom-

etry, and material strain hardening can be accurately in-

cluded in the analysis but, the computational effort is

greatly enhanced [2].

2.2. The elasto-plastic equivalent nodal forces

To perform the nonlinear analysis of frame struc-

tures, in the majority of previous publications, the loads

are assumed to apply only at the nodes. In the present

investigation, the loading due to the member lateral

loads and transferred to the nodes are allowed and in-

cluded automatically in the analysis. This leads to a sig-

nificant saving in inputting the member loads, without

the need to divide a member into several elements for

simulation of these loads. The elasto-plastic equivalent

nodal forces transferred to the nodes, from the member

loads, will not be constant during the analysis, and will

be dependent on the variable flexural rigidity along

the member according with the process of gradual

formation of plastic zones. The equivalent nodal forces
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will be computed in order to accommodate member lat-

eral loads and the plastic strength surface requirements.

2.2.1. External distributed loads

The procedure for the derivation of the equivalent

elasto-plastic nodal forces for a uniform distributed

forces was briefly shown in a previous work of authors

and can be found in [1]. For example, for a uniformly

distributed load qy in (xy)-plane, the equivalent nodal

loads are given by the following expressions (Fig. 3):

T yi ¼
qyL

2
� 3c5z c1z þ c2z þ c3zð Þ

Zz
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� �
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where

c4z ¼ 4

Z 1

0

1� n3
� �
fzðnÞ
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Z 1
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Fig. 3. Equivalent elasto-plastic nodal
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Fig. 4. Equivalent elasto-plastic nodal f
For other loading cases similar relations can be

developed.
2.2.2. The effect of plastic surface

If the state of forces at any cross-section along the

beam column element equals or exceeds the plastic sec-

tion capacity, the flexural stiffness at the respective loca-

tion approaches zero. This effect is reflected in the

tangent stiffness matrix coefficients through correction

coefficients given by the equations (14). Once the mem-

ber forces get to the full plastic surface, and strain-hard-

ening is neglected, they are assumed to move on the

plastic surface at the following loading step. Therefore,

when the axial force of a member increases at the follow-

ing loading step, the bending moment is adjusted to be

reduced, considering the member loaded by the correc-

tion bending moment DMp, where DMp is the change

in the plastic moment capacity at the respective cross-

section as axial force changes (Fig. 1b). The additional

incremental moments are considered through equivalent

nodal forces. For instance, considering the member in

Fig. 4 and assumed that in the section ‘‘a’’ and at the

end of the member at node j the member forces get to

the full plastic surface the equivalent nodal loads at

the j end are given by the following expressions:
forces: external distributed loads.

∆Mpy,L

∆Mpz,L

Tzj

Tyj

Myj

 L-a

Mzj

 x
 j

Full plastified sections

t nodal forces

orces: correction plastic moments.



C.G. Chiorean, G.M. Barsan / Computers and Structures 83 (2005) 1555–1571 1561
N

T zj

T yj

Mt

Myj

Mzj

2
6666666664
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7777777775
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djz ¼
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EI0;y
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djy ¼
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ht ¼ 0
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2
666666666666664

3
777777777777775
ð18Þ

where Kjj is the incremental stiffness submatrix given in

the Appendix A and dj is the displacements vector at

the j end produced by the external correction plastic mo-

ments considering the cantilever system fixed at i end

and free at the j end.

The correction coefficients, used in above equations,

have the following expressions:

c6yðzÞ ¼
Z a=L

0

1� n
fyðzÞðnÞ

dn; c7yðzÞ ¼
Z L

a=L

1� n
fyðzÞðnÞ

dn

c8yðzÞ ¼
Z a=L

0

1

fyðzÞðnÞ
dn; c9yðzÞ ¼

Z L

a=L

1

fyðzÞðnÞ
dn

ð19Þ

In a similar way the forces at the i end of the element

can be obtained. Since the force-point movement re-

mains on the plastic strength surface of a member, the

plastic strength surface requirement of a section is not

violated by the change of member forces after the full

plastic strength of cross-section is reached.

2.3. The second-order effects

2.3.1. Element geometrical effects

The geometrical nonlinear effects for each element

are taken into account in the present analysis, in a beam

column approach, by the use of the stability stiffness

functions and updating at each load increment the

length, axial force and the flexural rigidity about of each

principal axes of the element. This way minimizes mod-

elling and solution time, generally only one or two ele-

ments are needed per member. The element stiffness

matrix coefficients kij are computed through the correc-

tion factors gij as:

kij ¼ kij0 � fij � gij; i; j ¼ 1; 12 ð20Þ

where kij0 are the stiffness coefficients of the linear elastic

stiffness matrix of a conventional, prismatic 3D element.
Explicitly, for compression, the correction factors gij for

Kii matrix are

g11 ¼
1

1þ EA
4N3L2

Hy þ Hz

� �
g33 ¼

2 c my
� �

þ s my
� �� �

� m2y
12

g22 ¼
2 c mzð Þ þ s mzð Þ½ � � m2z

12

g55 ¼
c my
� �
4

; g66 ¼
c mzð Þ
4

g44 ¼ 1

ð21Þ

where c(my,z) and s(my,z) are the stability functions

accounting for the effect of axial force on flexural stiff-

ness, Hy and Hz are the stability functions accounting

for the effect of flexure on axial stiffness [12], and

my;z ¼ L
ffiffiffiffiffiffiffi
N

EImy;z

q
, N being the axial compression force in

the element and EImy and EImz are the average flexural

rigidity of the element:

EImy ¼ EIy0 �
Z 1

0

EIyðnÞ
EIy0

dn ¼ EIy0 �
Z 1

0

fyðnÞdn 6 EIy0

EImz ¼ EIz0 �
Z 1

0

EIzðnÞ
EIz0

dn ¼ EI0z �
Z 1

0

fzðnÞdn 6 EIz0

ð22Þ

The effect of axial force on torsional stiffness is ignored

in the present formulation. The element force fields are

described by the second order transfer matrix as func-

tion of the nodal element forces. For the forces acting

in plane (xy) we can write in matrix form as:

SðnÞ ¼ TðnÞ �N
SðnÞ ¼ N MzðnÞ T yðnÞf gT

N ¼ Ni Mi
z Mj

z T i
y T j

y

	 
T

ð23Þ

where S(n) is the sectional force vector acting along the

member length, on plane (xy), N is the nodal force vec-

tor and T(n) is the second order transfer matrix. For

common cases of uniformly distributed transversal

loads, the expression for T(n) is:

TðnÞ ¼
1 0 0 0 0

0 m n p �p

0 dm
dn

dn
dn

dp
dn � dp

dn

2
64

3
75 ð24Þ

where

m ¼ cosðmznÞ � cos mz �
sin mznð Þ
sin mz

n ¼ sin mznð Þ
sin mz

p ¼ L cos mz � 1ð Þ
m2z

� sin mznð Þ
sin mz

� L 1� cos mznð Þð Þ
m2z

ð25Þ
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Other loading cases are considered in the same way. The

equivalent nodal forces are calculated taking into ac-

count the second-order effects in a similar way.

2.3.2. Geometry updating and transformation matrices

Using an updated Lagrangian formulation, the glo-

bal geometrical effects are considered updating the rota-

tion matrix Rb, corresponding to transformations

equations from local to global coordinates. For the 3D

beam-column element with 12 DOF the transformation

matrix Rb that transforms a vector from the global coor-

dinates system to the local deformed configuration is gi-

ven by:

Rb ¼

Lk
i 0 0 0

0 Lk
i 0 0

0 0 Lk
j 0

0 0 0 Lk
j

2
66664

3
77775 ð26Þ

in which the matrices Lk
i and Lk

j are based on the new

geometry at load increment k, and represent the matrices

of direction cosines of local axes reported to global axes

corresponding to the both i and j ends of the member:

Lk
iðjÞ ¼

kkiðjÞxx
kkiðjÞxy

kkiðjÞxz

kkiðjÞyx
kkiðjÞyy

kkiðjÞyz

kkiðjÞzx
kkiðjÞzy

kkiðjÞzz

2
664

3
775 ð27Þ

in which kkiðjÞxx
kkiðjÞxy

kkiðjÞxz

� �
; kkiðjÞyx

kkiðjÞyy
kkiðjÞyz

� �
;

kkiðjÞzx
kkiðjÞzy

kkiðjÞzz

� �
are the global coordinates of the

unit vectors kkx;
kkiðjÞy ; kkiðjÞz of the axes x, y, z at the

two ends, i and j of the element at increment k. For

the initial undeformed configuration these matrices are

L0
i ¼ L0

j ¼ r �
cos a � sin a 0

sin a cos a 0

0 0 1

2
64

3
75 ð28Þ

where the relative position of the member ends are re-

flected in the matrix r [14].

The difference in Lk
i and Lk

j , in the deformed config-

uration, is due to differences in the angle a, for the two

ends:

ai ¼ a0 þ Dhkxi
aj ¼ a0 þ Dhkxj

ð29Þ

in which a0 is the original angle a. In the present formu-

lation a web plane vector, the vector lies along the posi-

tive local y axes and is perpendicular to the longitudinal

axes of element, is assigned to each element to permit a

straightforward updating of the element coordinates [4].

During incremental process, we assume an average rigid

body rotation, given by Dhkm ¼ 1=2ðDhkxj þ DhkxiÞ, and
thus Lk
i ¼ Lk

j ¼ Lk and kkiyðzÞ ¼ kk
j
yðzÞ ¼ kkyðzÞ. The trans-

formation matrix is developed in terms of incremental

displacements. Consider the movement of an element

from configuration Ck�1 to Ck (Fig. 5), where the orien-

tation vectors k�1kx,
k�1ky,

k�1kz for the element at Ck�1

are assumed to be known. Thus, at each load increment

the global coordinates of the unit vectors kkx,
kky,

kkz are

updated in the following steps:

1. Unit axial vector kkx of each element b is determined

from joint coordinates kXb,
kYb,

kZb at current load

increment k:

kkx ¼
kX j

b�
kX i

b
kLb

kY j
b�

kY i
b

kLb

kZj
b�

kZi
b

kLb

h i
ð30Þ

where kLb is the updated length of the member and
kX iðjÞ

b ; kY iðjÞ
b ; kZiðjÞ

b are the updated global nodal

coordinates:

kLb ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kX j

b � kX i
b

� �2 þ kY j
b � kY i

b

� �2 þ kZj
b � kZi

b

� �2q
ð31Þ

2. The partially updated vector at the end of increment

is identified as kky. After the axial rotation, the web

plane vector is partially updated as:

kky0 ¼ k�1ky þ k�1kx � k�1ky
� �

� Dhkm ð32Þ

where Dhkm ¼ 1=2ðDhkxj þ DhkxiÞ; Dhkxi and Dhkxj are the

incremental axial rotation of the i and respectively j

node of the element about its local axis:

Dhkxi ¼ k�1kxx � Dhk;ixg þ k�1kxy � Dhk;iyg

þ k�1kxz � Dhk;izg

Dhkxj ¼ k�1kxx � Dhk;jxg þ k�1kxy � Dhk;jyg

þ k�1kxz � Dhk;jzg

ð33Þ

and Dhk;iðjÞxg ; Dhk;iðjÞyg ; Dhk;iðjÞzg are the incremental axial

rotations at the ends of element, about the global sys-

tem axis.
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3. Usually the unit vector kkjyo is not exactly perpendic-

ular to the x-axis unit vector kkx. This vector with x-

axis unit vector determine planes (xy) at the end of
increment and vector kky in this plane may thus

be ascertained as the vector that is normal to kkx.

Thus
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kky ¼ ðkkx � kky0Þ � kkx ð34Þ

Due to numerical errors the above vector is not

exactly of unit length and must therefore be normal-

ized to generate the unit vector:

kky ¼
kky
kky
�� �� ð35Þ

4. In the final step the z axis unit vectors are computed:

kkz ¼ kkx � kky ð36Þ

Following these four steps, the local coordinate at

configuration k and implicitly the rotation matrix Rb

can be updated based on the updated the x-axis unit

beam vector, the unit web plane vectors and the unit

z-axis vectors.
3. Analysis algorithm

In order to trace the equilibrium path, for propor-

tionally and non-proportionally applied loads, the pro-

posed model has been implemented in a simple

incremental and incremental-iterative matrix struc-

tural-analysis program. Within each load increment,

the incremental equilibrium equations are solved by

Gauss elimination technique.

In the simple incremental method, the simple Euler

stepping algorithm is used in conjunction with constant

work-load increments. In this approach, accuracy of the

solution is controlled via multiple analyses based on

convergence of system response. This analysis is simple,

reliable and is not sensitive to convergence failures that

can occur in incremental-iterative schemes, and can also

give the full nonlinear load–deformation response

including the ultimate load and post-critical response.
Fig. 7. Elasto-plastic analysis of simply supported beam.
However, the post-critical phenomenon such as snap-

back cannot be captured in this approach.

In the incremental-iterative approach, at each load

increment a modified constant arc-length method

[13] is applied to compute the complete nonlinear

load–deformation path. A predictor/corrector solution

scheme has been implemented to find the nodal displace-

ments and element actions under a given set of applied

loads. If strain-hardening is neglected, moments in ex-

cess of their plastic limits are redistributed to other

joints, which still have reserves of moment-carrying

capacity.

The incremental change in the displacements can be

written as the solution of:

Ki
T � DUi ¼ Dki � DFi

l þ DFi
p ð37Þ

where, within a particular load cycle, i; Ki
T is the tangent

stiffness matrix; DUi the incremental displacement vec-

tor, DFi
l ¼the incremental nodal force vector including

the member loads; DFi
p the additional self-equilibrating

nodal force vector. Only those elements that have mo-

ments in excess of the plastic limits will contribute to

DFi
p. In the simple incremental approach, the incremen-

tal load factor Dk is computed so as to keep constant the

incremental work DW, performed by the applied exter-

nal loads, at each load cycle:

Dki ¼
DW� DFi

p � DUi

DFi
l � DUi ð38Þ

In the arc-length approach, the incremental load fac-

tor is governed by an extra constraint equation with the

general form given by:

Dl2 ¼ f DUi
j;Dk

i
j

� �
ð39Þ

where DUi
j is the trial incremental displacement vector at

the j th iteration; Dkij the predicted incremental load fac-

tor; and Dl the specified arc length for current increment.

Eqs. (37) and (39) can be combined and using an indirect
Fig. 8. Simply supported beam at limit load: (a) bending

moment diagram; (b) EIt/EI diagram.
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solution scheme given in [13], the incremental displace-

ments and load factor are updated. Convergence of

the iterative process is said to have occurred when within

certain tolerances, moments at the element nodes and

stations nowhere exceeds their limiting plastic values

and the internal actions are in equilibrium with the ap-

plied external loads.

Fig. 6 shows a simplified flowchart of this analysis

algorithm.
Fig. 9. Ziemian low-rise frame.
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4. Numerical examples

Based on the analysis algorithm just described, an

object-oriented computer program, NEFCAD 3D, has

been developed to study the effects of material and geo-

metric nonlinearities on the load-versus-deflection re-

sponse for spatial framed structures. It combines the

structural analysis routine written in Turbo-Pascal with

a graphic routine written in Visual Basic 5.0, to display

the final results. The graphical interface allows for easy

generation of data files, graphical representation of the

data, and plotting of the deflected shape, bending mo-

ments, shear force and axial force diagrams, load–deflec-

tion curves for selected nodes, etc.

The accuracy of the analytic procedure developed

here, has been evaluated using four selected benchmark

problems analyzed previously by other researchers using

independent finite element solutions. The selected prob-

lems consist of a one simply supported beam [15] sub-

jected to the uniformly distributed load, one low rise

planar steel frame [11] whose nonlinear response is dom-

inated by spreading plasticity effects in individual mem-

bers, and two large-scale space frames [7,10] in which

both geometric and material nonlinear effects contrib-

uted to the failure. By numerical tests, the elasto-plastic

behaviour can be calibrated to model the plastic hinge or

the plastic zone analysis; for Ramberg–Osgood shape

parameters a = 1 and n > 300 the plastic hinge approach

is modelled, and for a = 1 and n = 20–50 the analysis

corresponds to the plastic zone model, in which gradual

yielding of cross-sections and strain-hardening effects

are modelled. In the present approach, one element

has been used to model each column and beam in all

computational examples.
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Fig. 10. Load–deflection curve for Ziemian low-rise frame.
4.1. Example 1: simply supported beam

The accuracy of the proposed method in handling the

distributed plasticity along the beam element and the

uniform distributed lateral loads is illustrated clearly in

this example. The insert in Fig. 7 shows a simply sup-

ported beam with L = 3.524 m subjected to the uni-

formly distributed load. It was analyzed by Chen and

Chan [15] using a refined plastic hinge analysis method.
The failure of the beam is due to excessive yielding of the

cross-section near the midspan. A single element with se-

ven integration points has been used to model the beam

and two values for Ramberg–Osgood shape parameter

was considered. Comparable load versus ended rotation

relation for this loading arrangement is plotted in Fig. 7.

As expected, for a = 1, n = 300 (plastic hinge approach)

the inelastic limit point is 1.00 when a ‘‘plastic hinge’’ is

developed at the midspan of the beam. For a = 1 and

n = 30 we can observe a smooth transition from elastic

to plastic range as well in the case when Attalla�s M–

N–U equation [3] is used to model gradual plastification

through the cross-sections. This characteristic is closer

to the actual case of a structure and no sudden change

of stiffness will be encountered. Attalla�s M–N–U equa-

tion is adopted here, for comparison, because, in ab-

sence of strain-hardening effects, it can predict the

cross-sectional behaviour more accurately than other

forms of M–N–U equations. The main limitation is that

it is a uniaxial bending model. Fig. 8 shows the moment
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and EIt/EI0 diagrams at the applied load factor q/qpl = 1.

We can observe that the flexural stiffness has degraded

significantly in the part of the beam with a moment

greater than the yield moment in the case of n = 30

whereas a sudden change of stiffness is encountered in

the case of n = 300. It is of interest to note that when

using the proposed nonlinear numerical procedure, the

complete equilibrium path can be traced even when

the curve is flat.
4.2. Example 2: two story plane frame

The planar frame shown in Fig. 9 was used as a rep-

resentative case for a series of frames studied by Ziemian
Fig. 11. Six story space frame: (a) p
[11]. An important characteristic of the frame is the sig-

nificant force redistribution that occurs due to spread of

plasticity. This is evident from the load–displacement

curves shown in Fig. 10, in which the displacement of

the top story changes direction when differential yielding

among the members causes their relative stiffness to

change. Results using the proposed model are in good

agreement with those of the fiber-element and plastic

hinge approaches reported in [11]. In the fiber-element

analysis, a total of 536 elements and a cross-section dis-

cretization of 80 fibers were used. The ultimate load fac-

tor by the proposed analysis is 1.012 for n = 30 and

0.999 for n = 300, that is very close to 1.01 and 1.00

by Ziemian�s plastic zone and plastic hinge solutions,

respectively. As it can be seen in Fig. 10, the proposed
lan view; (b) perspective view.



Fig. 12. (a) Load–displacement curves at Y direction of node A; (b) load–displacement curves at X direction of node A.
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analysis with n = 30 provide slope continuity in the

load–displacement curve, as opposed to the abrupt

changes in slope that occur in the case of n = 300 (Fig.

10).
4.3. Example 3: six story space frame

A six-story space steel frame as shown in Fig. 11

was previously analysed by Orbison et al. [7] and later



Table 1

Comparison of analysis model and results for Orbison�s space frame

Method Material nonlinearity Number of elements

per member

Uniform floor pressure Ultimate load factor

Proposed Force–strain R–O; a¼1; n¼30
Force–strain R–O; a¼1; n¼300 1 Uniform distributed loads

1:062=1:069�

0:999=1:006�

Kim et al. [5] Fiber P–M hinge 1 Equivalent conc. loads 2.099**

Orbison et al. [7] Plastic hinge 1 Equivalent conc. loads 2.059**

Liew et al. [9] Plastic hinge 1 Equivalent conc. loads 1.005

Jiang et al. [8] Fiber elements 9 Uniform distributed loads 1.00

* Including shear deformations.
** Reference load decreased two times.
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studied by Liew et al. [9], Jiang et al. [8] and Kim et al.

[5]. The main difference in these analyses is the method

in which they model material nonlinearities. A dimen-

sionless plastic hinge model is employed in Orbison�s
et al. [7] and Liew�s et al. [9] analyses while in Jiang

et al. [8] and Kim et al. [5] gradual element yielding

is modeled. Kim�s et al. analysis is a refined plastic

hinge method considering material nonlinearity

through the concept of the P–M hinge consisting of

many fibers. In the rigorous plastic zone solution [8]

the members of the frame are divided in a several fi-

ber-elements and the material nonlinearity is consid-

ered by the stress-strain relationship of the fiber. The

yield strength of all members is 250 MPa, Young�s
modulus is E = 206,850 MPa and shear modulus

G = 79,293 MPa. The frame is subjected to the com-

bined action of gravity loads and lateral loads acting

in the Y-direction. Uniform floor pressure is 9.6 kN/

m2 and the wind loads are simulated by point loads

of 53.376 kN in the Y direction at every beam-column

joints. In the present approach, the load-versus-deflec-

tion path for node A of the frame under proportionally

increasing vertical and horizontal loads, is obtained

using different values for Ramberg–Osgood shape

parameter n (Fig. 12). The influence of shear deforma-

tions over the load–deflection path can be observed as

well in the Fig. 12. The inelastic limit points calculated

by the proposed analysis, the Orbison [7], Liew et al.

[9], Kim et al. [5], and the rigorous plastic zone

fiber-element solutions of Jiang et al. [8] are listed in

Table 1. It is noted that, in the plastic zone solution

of Jiang et al. good accuracy only can be achieved

using at least nine elements per member in the frame

modeling [8]. As it can be seen, the proposed analysis

with n = 300, plastic hinge solutions of Liew et al. [9]

and Orbison [7] and fiber element solutions [8] achieve

practically the same ultimate load factor. This is be-

cause, for this particular frame, the plastic zones are

concentrated only at the ends of the members.

However, the present solution with n = 30 is in close
agreement with the solution of Kim�s et al. [5]

where the strain hardening effects of the fibers are

modeled.

4.4. Example 4: twenty story space frame

Twenty-story space frame with dimensions and prop-

erties shown in Fig. 13 has been studied previously by

Liew et al. [10] and Jiang et al. [8]. A50 steel is used

for all steel sections (fy = 344.8 N/mm2, E = 2 · 105 N/

mm2). The frame is analyzed for the combination of

gravity loads = 4.8 kN/m2 and wind loads = 0.96 kN/

m2, acting in the y-direction. In Liew�s et al. [10] study,
rigid floor diaphragm action is assumed in the global

analysis. Liew employed one plastic-hinge beam-column

element to model each steel column and four elements

for each beam, and the limit load of the frame is reached

at the load ratio of 1.031. In the rigorous plastic zone

solution of Jiang et al. [8] each member of the frame is

divided in a eight fiber-elements and the material nonlin-

earity is considered by the elastic-perfectly plastic stress-

strain relationship of the fiber. The inelastic limit point

reported in this case is 1.00. In present analysis one ele-

ment with seven integration points (NG = 7) has been

used to model each column and beam and two values

for Ramberg–Osgood shape parameter was considered.

For n = 300 the limiting strength of the frame is reached

at load ratio of 1.005, whereas, a load ratio of 1.062 is

obtained by the proposed analysis method in the case

of n = 30. The load–deflection curves of nodes A and

B at the top of the frame are shown in Fig. 14. Because

the frame is asymmetrical in plan, the center of the y-

direction wind loads is not aligned with the center of

lateral stiffness and the torsional displacements are in-

duced. This is indicated by the difference in the lateral

deflections at nodes A and B.

Because, for this particular frame, the beams are

mainly subjected to bending moment about the major

axis, and the effect of axial force and minor-axis bending

moment is very small, the Attala�s [3] uniaxial bending



Fig. 13. Twenty story space frame: (a) plan view; (b) perspec-

tive view.

Fig. 14. Load–displacement traces.
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force–strain relationships can be used to model the non-

linear behaviour of the beams. Using these force–strain

relationships to model the nonlinear behaviour

of the beams, and the Ramberg–Osgood relationships

(n = 30) to model the columns, the ultimate load factor

was reached at 0.997 which is in very close agreement

with 1.00 obtained in fiber element solution.

Running on a Pentium III personal computer at 500

MHz the NEFCAD analysis was performed in approx-

imately 6 min which is almost 200 times shorter than

the time taken to complete the same analysis with the fi-

ber-element analysis computer program of Jiang et al.

[8].
5. Conclusions

Large deflection distributed plasticity analysis of 3D

steel frames has been developed. The proposed model

is based on the closed-form Ramberg–Osgood force–

strain relationships which can approximately account

for the gradual plastification of cross-section. The

model developed can capture the spreading of plasticity

along the members with computational efficiency and

the necessary degree of accuracy, usually only one ele-

ment per member is necessary to analyse. Furthermore,

distributed loads acting along the member length can

be directly input into the analysis without the need to

divide a member into several elements for simulation

of these loads leading to a consistency in the linear

and the nonlinear structural models. The model has

been verified by comparing the predicted results with

the established results available from the literature.

The studies show that the proposed analysis compares

very well to exact plastic zone solution with much less

computational effort than a fiber-element analysis. Fu-

ture work is envisaged considering the effects of joint

flexibility on non-linear behaviour of 3D steel

frameworks.
Appendix A

Nonlinear tangent stiffness matrix for a three-dimen-

sional beam-column element.
Kð12�12Þ ¼
Kiið6�6Þ Kijð6�6Þ

Kjið6�6Þ Kjjð6�6Þ

" #
ð40Þ



y 1y 2y 3y z 1z 2z 3z

Kii ¼

EA0

L f11g11 0 0 0 0 0

0
12EI0;z
L3

f22g22 0 0 0
6EI0;z
L2

f26g26

0 0
12EI0;y

L3
f33g33 0 � 6EI0;y

L2
f35g35 0

0 0 0 GIt
L 0 0

0 0 � 6EI0;y
L2

f53g53 0
4EI0;y

L f55g55 0

0
6EI0;z
L2

f62g62 0 0 0
4EI0;z
L f66g66

2
66666666664

3
77777777775

ð41Þ

Kjj ¼

EA0

L f77g77 0 0 0 0 0

0
12EI0;z
L3

f88g88 0 0 0 � 6EI0;z
L2

f812g812

0 0
12EI0;y

L3
f99g99 0

6EI0;y
L2

f911g911 0

0 0 0 GIt
L 0 0

0 0
6EI0;y
L2

f119g119 0
4EI0;y

L f1111g1111 0

0 � 6EI0;z
L2

f128g128 0 0 0
4EI0;z
L f1212g1212

2
66666666664

3
77777777775

ð42Þ

KT
ji ¼ Kij ¼

� EA0

L f71g71 0 0 0 0 0

0 � 12EI0;z
L3

f82g82 0 0 0 � 6EI0;z
L2

f86g86

0 0 � 12EI0;y
L3

f93g93 0
6EI0;y
L2

f95g95 0

0 0 0 � GIt
L 0 0

0 0 � 6EI0;y
L2

f113g113 0
2EI0;y

L f115g115 0

0
6EI0;z
L2

f122g122 0 0 0
2EI0;z
L f126g126

2
66666666664

3
77777777775

ð43Þ
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The correction factors fij are

f11 ¼ f77 ¼ f71 ¼ f17 ¼
1

cx

f22 ¼ f88 ¼ f82 ¼ f28 ¼
sz

Zz þ tzsz
;

f 33 ¼ f99 ¼ f93 ¼ f39 ¼
sy

Zy þ tysy

f55 ¼
3 c2y þ ty

4

� �
Zy þ tysy

; f 66 ¼
3 c2z þ tz

4

� �
Zz þ tzsz

f35 ¼ f53 ¼ f95 ¼ f59 ¼
2c2y þ c3y
Zy þ tysy

;

f 26 ¼ f62 ¼ f86 ¼ f68 ¼
2c2z þ c3z
Zz þ tzsz
f113 ¼ f311 ¼ f119 ¼ f911 ¼
2c1y þ c3y
Zy þ tysy

;

f 122 ¼ f212 ¼ f128 ¼ f812 ¼
2c1z þ c3z
Zz þ tzsz

f1111 ¼
3 c1y þ ty

4

� �
Zy þ tysy

; f 1212 ¼
3 c1z þ tz

4

� �
Zz þ tzsz

f115 ¼ f511 ¼
3 c3y � ty

2

� �
Zy þ tysy

; f 126 ¼ f612 ¼
3 c3z � tz

2

� �
Zz þ tzsz

Zy ¼ 4c1yc2y � c23y ; Zz ¼ 4c1zc2z � c23z

s ¼ c þ c þ c ; s ¼ c þ c þ c
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ty ¼
12EIy
GAyL2

; tz ¼
12EIz
GAzL2

where the ‘‘correction coefficients’’ cx, c1y(z), c2y(z), c3y(z)
are given by the Eqs. 11.

The correction factors gij are

g33 ¼ g99 ¼ g93 ¼ g39 ¼
2 c my

� �
þ s my

� �� �
� m2y

12

g22 ¼ g88 ¼ g82 ¼ g28 ¼
2 c mzð Þ þ s mzð Þ½ � � m2z

12

g35 ¼ g53 ¼ g95 ¼ g59 ¼ g113 ¼ g311 ¼ g911 ¼ g119

¼
c my
� �

þ s my
� �

6

g26 ¼ g62 ¼ g812 ¼ g128 ¼ g86 ¼ g68 ¼ g122 ¼ g212

¼ c mzð Þ þ s mzð Þ
6

g55 ¼ g1111 ¼
c my
� �
4

; g66 ¼ g1212 ¼
c mzð Þ
4

g115 ¼ g511 ¼
s my
� �
2

; g126 ¼ g612 ¼
s mzð Þ
2

g11 ¼ g77 ¼ g71 ¼ g17 ¼
1

1þ EA
4N3L2

Hy þ Hz

� �
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